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A function f : R ª R is said to have an nth Generalized Peano Derivative
 .GPD at x if f is continuous in a neighborhood of x and there exists an integer
 .k G 0 such that the k th primitive of f has a k q n th Peano derivative at x. An
example shows that sometimes no such k exists. In this case, C.-M. Lee has
proposed a further generalization when the sequence of derivates, indexed by k,
converges to a common value. This value is termed the nth Ultimate Peano
 .Derivative UPD at x. Here we show that these generalizations of the Peano
derivative are related to a certain Laplace integral for which the Tauberian
theorem shows that any finite UPD is in fact a GPD. Q 1998 Academic Press
1. INTRODUCTION
The Peano derivative and generalizations have received considerable
w xattention, see, for example, 1, 4]8, 14]16 . In this paper we consider two
w xgeneralizations introduced by Lee, the Generalized Peano Derivative 10
w xand Ultimate Peano Derivative 13 . It is worth noting that Laczkovich's
w xAbsolute Peano Derivative 9 and the Generalized Peano Derivative
w xagree on compact intervals 11, 12 .
In order to explain these notions let us consider a real-valued function f
w xwhich is defined and continuous in an interval 0, d with d ) 0. Let us
 .  .assume that f 0 s 0. If the ordinary right-hand side derivative of f at 0
does not exist, then a generalized notion of derivative can be introduced as
follows. Let us consider the sequence of primitives of f given by f 0. s f
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and for positive integers k
x
yk . ykq1.f x s f t dt. 1 .  .  .H
0
Then define the sequence of lower derivates
k q 1 ! f yk . x .  .
l s lim infk kq1q xxª0
and the upper derivates u given by the lim sup of the same expression.k
Notice that l and u are just the ordinary derivates and the standard0 0
proof of l'Hospital's rule gives the monotonicity property
l F l F l F ??? F u F u F u . 2 .0 1 2 2 1 0
If there exists an integer k G 0 such that l s u , then we say that f has ak k
 .  w x.Generalized right Peano Derivative at x s 0 whose value is l see 10 .k
 . a ybFor example, if f x is the r th derivative of x sin x , x ) 0, with
 .f 0 s 0 and a s 1 q r q 1rr and b s 1rr for some positive integer r,
then f is not differentiable at x s 0. The smallest integer k with l s uk k
is r and the derivate sequence is y` s ??? s y` - y1 - 0 s ??? s 0
- 1 - ` s ??? s ` so that f has a Generalized Peano Derivative at
x s 0 with value 0.
The Generalized Peano Derivative at x s 0 does not exist for the
 .  .  .function f x s x cos ln x, x ) 0, and f 0 s 0. In fact, note that f x s
 1q i. 1q iR x , the real part of x , for x ) 0. The sequence of primitives of f
is given by
1
yk . kq1qif x s R x . .
2 q i ??? k q 1 q i .  .
This yields
k q 1 ! .
il s lim inf R xk q 2 q i ??? k q 1 q i .  .xª0
and hence
y1r2y1r2k q 1 ! 1 1 .
l s y s y 1 q ??? 1 qk 2 /  /< < < <2 q i ??? k q 1 q i 4 k q 1 .
s yu .k
 .This shows that l - 0 - u for all k so that the Generalized rightk k
Peano Derivative of f at x s 0 does not exist. Now, if the limits l s
lim l and u s lim u were equal and finite, then we would say thatk ª` k k ª` k
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 w x.f has an Ultimate Peano Derivative at x s 0 with value l see 13 .
`  2 .However, in our example, the formula sinh p s 2p  1 q 1rn showsns2
 .1r2that l s y 2prsinh p s y.73760 . . . and u s q.73760 . . . so that
even the Ultimate Peano Derivative of f at x s 0 does not exist.
w xLee 13 asked the question whether there is a function f which has an
Ultimate Peano Derivative at a point without having a Generalized Peano
Derivative at this point. As the main result of this paper we will prove that
such a function does not exist. More generally, we will prove that every
nth Ultimate Peano Derivative is already an nth Generalized Peano
 .Derivative Theorem 1 . The proof depends on the observation that, if
l s u is finite, then l can be written as the limit of a Laplace integral. The
Tauberian Theorem for Laplace integrals will then prove that l s u fork k
some positive integer k.
 .We show by an example Theorem 4 that there is a function f whose
derivate sequence satisfies l - u for all k but l s u s `. Thus there arek k
``infinite Ultimate Peano Derivatives'' which are not already infinite Gen-
eralized Peano Derivatives.
2. PRELIMINARIES
We need the following notation. R and Z denote the real numbers and
integers, respectively. Rq, Zq and R , Z denote the positive and non-q q
negative elements, respectively.
In what follows, we are interested in generalized derivatives of a func-
tion f at a given point. Without loss of generality, we take this point to be
0. We will only investigate right-hand side derivatives at 0. Left-hand side
derivatives and two-sided derivatives can be treated analogously. We
w x  .assume that f : 0, d ª R d ) 0 is continuous. We say that f has an nth
 .Peano Deri¨ ati¨ e PD at 0, n g Z , if there exist real numbersq
a , . . . , a such that the limit as x ª 0q of0 ny1
f x y a y a x y ??? ya x ny1r n y 1 ! .  .0 1 ny1
3 .nx rn!
 .  .exists exist means finitely . In this case the value of the limit of 3 as
q  .x ª 0 is the nth PD of f at 0 and is denoted by f 0 . Observen.
 .  .f 0 s f 0 since f is continuous at 0. It is a fact that these a are0. i
 .uniquely determined with a s f 0 for i s 0, . . . , n y 1. It is always truei  i.
 . 0. .  . 1. .that f 0 s f 0 and f 0 s f 0 , the ordinary derivatives at 0. In0. 1.
n. .  . n. .addition, if f 0 exists, then f 0 s f 0 .n.
 .We say that f has an nth Generalized Peano Deri¨ ati¨ e GPD at 0,
 .denoted f 0 , if there exists a non-negative integer k such that the k thw nx
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  ..  .primitive of f as defined in 1 has a k q n th Peano Derivative at 0
 . w xwhich then is the GPD of f at 0 ; see 10 . It will be useful to reformulate
this definition slightly. When we take the kth primitive of both the
 .numerator and denominator in 3 we obtain the fraction
f yk . x y a x krk !y ??? ya x kqny1r k q n y 1 ! .  .0 ny1
. 4 .kqnx r k q n ! .
 . qThe lim inf and lim sup of the fraction in 4 as x ª 0 will be denoted by
 .l and u , respectively. This sequence has the monotonicity property 2 . Itk k
is clear that f has an nth GPD at 0 if and only if there exists k and
 .  .a , . . . , a such that l s u and l is finite. Observe f 0 s f 0 since0 ny1 k k k w0x
 w x.f is continuous at 0. It is a fact see 12 that these a are uniquelyi
 .  .determined with a s f 0 for i s 0, . . . , n y 1. In addition, f 0 si w i x w0x
 .  .  .  .f 0 and, if f 0 exists, then f 0 s f 0 .0. n. w nx n.
 .Because of 2 we can form the limits l s lim l and u s lim u .k ª` k k ª` k
If there are a , . . . , a such that l s u and l is finite, then the function0 ny1
 .f is said to have an nth Ultimate Peano Deri¨ ati¨ e UPD at 0 as suggested
w xby C. Weil 13 . In this case the a are again uniquely determined withi
 . w xa s f 0 , and hence our definition is equivalent to Lee's original 13 .i w i x
We will prove the following theorem.
w xTHEOREM 1. Let f : 0, d ª R be continuous and suppose for some
integer n g Z , f has an nth UPD at 0. Then f has an nth GPD at 0.q
3. MAIN RESULTS
Theorem 1 is an immediate corollary of the following stronger result.
w xTHEOREM 2. Let f : 0, d ª R be continuous, n g Z , andq
 .a , . . . , a g R. Let l and u denote the lim inf and lim sup of 4 as0 ny1 k k
x ª 0q as introduced in the pre¨ious section. Suppose the limits l s lim lk ª` k
and u s lim u agree and are finite. Let p denote the smallest positi¨ ek ª` k
integer such that l or u is finite which exists by the pre¨ious assump-py1 py1
.tion . Then l s u .p p
Notice that, while Theorem 1 provides a complete answer to the ques-
w xtion posed in 13 , there remains a certain question, namely: What happens
if l s u s "`? This situation is possible and Theorems 3 and 4 provide
the answer.
THEOREM 3. Retain the hypothesis of Theorem 2 but with l s y` or
l s `. Suppose there is a k with l s u . Let r be the smallest such k. Ifk k
r G 2, then l s y` and u s q`.ry2 ry2
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w .  .THEOREM 4. There exists a continuous function f : 0, ` ª R with f 0 s
0 and such that 0 s l F l F ??? - q`, lim l s q`, and u s u s0 1 k ª` k 0 1
??? s q`, where l and u are defined with n s 1 and a s 0.k k 0
4. PROOF OF THEOREM 2
We first need some preparations. By replacing f with
x ny1
f x y a y a x y ??? ya , . 0 1 ny1 n y 1 ! .
we assume, without loss of generality, that the numbers a , . . . , a are0 ny1
zero. Then we can write simply
f yk . x f yk . x .  .
l s lim inf , u s lim sup . 5 .k kkqn kqnq qx r k q n ! x r k q n !xª0  .  .xª0
It will be convenient to extend the domain of definition of f by setting
 .  . w .f x s f d for x ) d . Then f : 0, ` ª R is continuous and bounded.
Without loss of generality, we assume l g R otherwise considerpy1
.yf . By assumption, there exists an integer q G p such that both l andqy1
u are finite.qy1
 . yqq1. .We define F x [ f x and
F ymy1. x .
g x [ .m qqnqmx r q q n q m ! .
q  .qfor m g Z and x g R . Then l s lim inf g x and similarlyq qqm  x ª 0 . m
for u .qqm
The following major part of the proof consists in showing that
`
qqn ystg mrs ª h s [ s e F t dt as m ª ` 6 .  .  .  .Hm
0
uniformly with respect to s g Rq. Notice that the Laplace integral exists
because the continuous function F has only polynomial growth at infinity.
For m g Z , integrating by parts m times yieldsq
m
x x y t .




xq q n q m ! 1 x y t .
g x s F t dt .  .Hm qqn  /m! x x0
so that
mq q n q m ! st . mrsqqng mrs s s 1 y F t dt .  .Hm qqn  /m!m m0
for s s mrx g Rq.
 .To show 6 write
h s y g mrs .  .m
m
` q q n q m ! st . mrsqqn yst qqns s e F t dt y s 1 y F t dt .  .H Hqqn  /m!m m0 0
` q q n q m ! .
qqny1 ys qqny1s s e F srs ds y s .H qqnm!m0
mm s
= 1 y F srs ds .H  /m0
after changing variables. Observe that
q q n q m ! q q n q m ??? m q 1 P m .  .  .  .  .
s s 1 q ,qqn qqn qqnm!m m m
 .where P m is a polynomial of degree at most q q n y 1. Thus
mm s
qqny1 ysh s y g mrs s s e y 1 y F srs ds .  .  .Hm  /m0
`
qqny1 ysqs e F srs ds .H
m
mmP m s .
qqny1y s 1 y F srs ds . .Hqqn  /m m0
ys  .m w xSince e G 1 y srm for 0 F s F m 2, Lemma 7.16b, p. 183 , we
have
mm s
qqny1 ysh s y g mrs F s e y 1 y F srs ds .  .  .Hm  /m0
`
qqny1 ysqs e F srs ds .H
m
mmP m s .
qqny1q s 1 y F srs ds . .Hqqn  /m m0
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To estimate the right hand side we observe that there exists B g R such
<  . < qqny1 qthat F x F Bx for all x g R . To see this let M g R be suchq
<  . <that f x F M for all x g R . When q G 2 observe thatq
yqq1.f x .
qy2 qy2 qy1x xx y t x y t x .  .
s f t dt F M dt s M . .H Hq y 2 ! q y 2 ! q y 1 ! .  .  .0 0
Observe that this result also holds for q s 1. Since l and u areqy1 qy1
 < < < <4 < yqq1. . <finite, we have, with A s 1 q max l , u , f x Fqy1 qy1
qqny1  . w . qAx r q q n y 1 ! in 0, h for some h g R . Choose B G
 yn  .  . 4 w .max h Mr q y 1 !, Ar q q n y 1 ! . Then x g 0, h implies
qqny1x
yqq1. qqny1f x F A F Bx .
q q n y 1 ! .
and x G h implies
yqq1.f x .
nqy1 qy1 ynx x x h M
qqny1 qqny1F M F M s x F Bx . /q y 1 ! h q y 1 ! q y 1 ! .  .  .
Thus we have
h s y g mrs .  .m
mm s
ys qqny1F B e y 1 y s dsH  /m0
m` mP m B s .ys qqny1 qqny1q B e s ds q 1 y s ds .H Hqqn  /m mm 0
Now, fix an arbitrary e g Rq and define
mx¡ yX qqny1e y 1 y x if 0 F x F m~  / /c x s . mm ¢
0 if m - x .
 . yx qqny1  .Then, for all x g R , 0 F c x F e x and c x ª 0 as m ª `q m m
` yx qqny1  .pointwise. Since H e x dt s G q q n , by Lebesgue's dominated0
convergence theorem there exists M g Zq such that m G M implies
mw ys  .m x qqny1H e y 1 y srm s ds - er3B. We may choose a larger M0
g Zq so that m G M implies H` eyss qqny1 ds - er3B as well.m
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m  .m qq ny 1 m y s qq ny 1 ` y sSince H 1 y srm s ds F H e s ds F H e0 0 0
s qqny1 ds , and since P is a polynomial of degree at most q q n y 1, we
may choose a larger M g Zq such that m G M implies
mmP m B s P m B e .  .
qqny11 y s ds F G q q n - . .Hqqn qqn /m m m 30
<  .  . <  .  .Thus for m G M we have h s y g mrs - B er3B q B er3B qm
 .  .er3 s e which proves the claim 6 .
We now want to show that
h s ª l as s ª q`. 7 .  .
q  . qLet n g R . By 6 , we can choose M g Z such that m G M implies
<  .  . <h s y g mrs - nr2. Since l s u, there exists m G M such that l ym
nr2 - l F u - l q nr2. Thus there exists d g Rq such that x gqqm qqm
 .  .  .0, d implies l y nr2 - g x - l q nr2. Hence, for s g mrd , q` ,m
<  . <  .g mrs y l - nr2. Thus, for all s g mrd , q` ,m
h s y l F h s y g mrs q g mrs y l - nr2 q nr2 s n , .  .  .  .m m
 .which shows that h s ª l as s ª q`.
 . qqn  4 .  4By 7 , s L F s ª l as s ª q`, where L F denotes the Laplace
w xtransform of F. A well known 17 property of the Laplace transform states
that
 4 j y j.L f s s s L f s 4 .  .
for integers j g Zq. This implies
qqn  4 pqn ypq1.s L F s s s L f s ª l 4 .  .
w x  ypq1.4 . pqnas s ª q` or, in the notation of 3 , L f s ; lrs as s ª q`.
 .Since l g R, there exists M g R such that p y 1 q n !py1
ypq1. . py1qnf x rx G M for x in a right neighborhood of zero; in the
w x ypq1. .  py1qn.notation of 3 , f x s O x . Now, applying the TauberianL
w xtheorem 3, Satz 4, p. 512 with g s p q n gives
lt ypq1. pqn qf t dt ; t as t ª 0 .H
G p q n q 1 .0
which is
f yp. x . qª l as x ª 0 ,pqnx r p q n ! .
i.e., l s l s u . The proof of Theorem 2 is complete.p p
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5. PROOF OF THEOREM 3
 .As in the proof of Theorem 2, we assume that 5 holds for all k.
 .Without loss of generality assume l s u s q` otherwise consider yf .
Because of the monotonicity property, we have l s u s q`. We need tor r
show that l s y`.ry2
 .Proceeding toward a contradiction, let l s a g R. By replacing f xry2
 .  < < . nby f x q a q 1 x rn! if necessary, we may assume that l ) 0 sincery2
yrq2. < < ry2qnf x q a q 1 x r r y 2 q n ! .  .  .
lim inf ry2qnq x r r y 2 q n !xª0  .
< <s l q a q 1 ) 0.ry2
yrq2. .Then f x G 0 in a right neighborhood U of zero. Integrating by
yr . . x . yrq2. .parts, we have f x s H x y t f t dt. Hence0
yr . xf x r q n ! x y t .  .
yrq2.s f t dt .Hrqn ry1qn  /x r r q n ! xx . 0
xr q n ! .
yrq2.F f t dt .Hry1qnx 0
f yrq1. x .
s r q n . ry1qnx r r y 1 q n ! .
yrq2.  .for each x g U since f G 0 in U. This implies l F r q n l orr ry1
l s q` which is a contradiction. Thus l s y` as required.ry1 ry2
6. PROOF OF THEOREM 4
The construction uses as a model the square root function for which we
know u s u s ??? s q`. It is also true that l s ??? s q` , so we must0 1 0
modify it.
As the construction proceeds, we will fully specify four sequences,
 4`  4`  4`  4`  xx , x , y , and y in 0, 1 . For now, we only require all toÄ Äi is0 i is1 i is1 i is1
be strictly decreasing and such that
??? - y - x - x - y - y - ??? - x - x - y - y - x s 1. 8 .Ä Ä Ä Ä Äiq1 i i i i 1 1 1 1 0
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The example function f : R ª R is given by
0, x F 0¡
0, y F xÄ1
q0, x g y , x , i g ZÄ Äiq1 i~x ¬ 1r2 q2 y x y x r x y x , x g x , x , i g Z .  .Ä Ä Äi i i i i i
1r2 qw x2 y , x g x , y , i g Zi i i
1r2 q¢2 y x y y r y y y , x g y , y , i g Z . .  .Ä Ä Äi i i i i i
The function consists of a sequence of separated trapezoidal ``bumps,''
w xsupported on x , y , converging to zero from the right and having anÄ Äi i
``amplitude envelope'' approximating x1r2. The function is clearly continu-
 .ous with f 0 s 0.
DEFINITION OF THE SEQUENCES. We have x s 1; hence for all i g Z0 q
y4r3 4r3 y7r3 let y s 2 x and x be such that x ry s 2 1r i qiq1 i iq1 iq1 iq1
.. 1r3 y4r3 1r3 1r2 y2r3 y1r31 x . Later we will use that y rx s 2 x , y rx s 2 x ,i iq1 i i iq1 i i
y7r3  4`  4`  .and x ry - 2 . Clearly x and y satisfy 8 .iq1 iq1 i is0 i is1
q  yi .  .Now, for i g Z , let x s 1 y 2 x and y s y q x y x . ThenÄ Ä Äi i i i i i
x - x and y - y and hence it will suffice to show that y - x andÄ Ä Ä Äi i i i iq1 i
y - 1. To see the former, let i g Zq. It is easily verified by directÄ1
calculation that 2y4r3 - 1 y 2y1 y 2y20r3. Using this, i G 1, and x - 1i
we can write
y4r3 4r3 y4r3 y1 y2 y11r3y s 2 x - 2 x - x 1 y 2 y 2 2 1r2 1 .  .  .  .iq1 i i i
yi yiy1 y11r3 2r3- x 1 y 2 y 2 2 1r i q 1 x .  .  . .i i
yiy1 y7r3 1r3 yiy1s x y 2 2 1r i q 1 x y s x y 2 x . .  .  . .Ä Äi i iq1 i iq1
yiy1  .Hence y q 2 x - x . Since y s y q x y x s y qÄ Ä Äiq1 iq1 i iq1 iq1 iq1 iq1 iq1
2yiy1 x , we have y - x as required. That y - 1 is easily verified byÄ Ä Äiq1 iq1 i 1
 .direct calculation; hence the four sequences satisfy 8 . Later we will need
that
y s y 1 q 2yiy1 x ry F y 1 q 2yiy12y7r3 .Ä  .iq1 iq1 iq1 iq1 iq1
s y 1 q 2yiy10r3 . .iq1
 .Verify l s 0. True since f G 0 and lim inf f x rx s 0.Ä Ä0  iª`. i i
y1. . 2Verify l - q`. It will suffice to show that lim inf 2! f x rxÄ Ä1  iª`. i i
F 1:
f y1. x s f y1. y F y 2 y1r2 F y 1 q 2yiy10r3 2 y1r2 . .  .Ä Ä Äi iq1 iq1 iq1 iq1 iq1
3r2yiy10r3 y4r3 4r3 y1 yiy10r3 2s 2 1 q 2 2 x s 2 1 q 2 x . .  . .i i
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q  . qThe result follows since for any e g R and i G I e g Z ,
2y1. 2 y1 yiy10r3 2 yi 22! f x rx F 2 2 1 q 2 x r 1 y 2 x F 1 q e . .  . .Ä Äi i i i
y1. . 2This implies lim inf 2! f x rx F 1 as required.Ä Ä iª`. i i
Verify l - q` for all integers k G 2. Proceeding toward a contradic-k
tion, suppose l s q` for some minimal r g Zq. Now we apply Theoremr
3 with n s 1. Since l - q`, we have r G 2 and hence l F l s y`1 0 ry2
which is a contradiction.
 .Verify that lim l s q`. It suffices to show that l G k q 1 r4k ª` k k
for all k g Zq. Fix a choice of k g Zq and consider two cases for an
arbitrary integer i G k.
w xCase x g y , x .iq1 i
ky1
x x x y t .
yk . ykq1.f x s f t dt s f t dt , .  .  .H H k y 1 ! .0 0
and since f G 0,
ky1 ky1
y yx y t x y t .  .iq1 iq1yk . 1r2f x G f t dt s 2 y dt .  .H Hiq1k y 1 ! k y 1 ! .  .x xiq1 iq1
k k1r2s 2 y 1rk! x y x y x y y . .  .  .iq1 iq1 iq1
Thus
k q 1 ! f yk . x rx kq1 .  .
1r2 k ky x yiq1 iq1 iq1G 2 k q 1 1 y y 1 y .  /  / /x x x
i1r2y x yiq1 iq1 iq1G 2 k q 1 1 y y 1 y .  /  / /x y xi iq1 i
iy7r3 1r32 xiy2r3 y1r3 y4r3 1r3s 2 k q 1 2 x 1 y y 1 y 2 x . .  .  .i i /i q 1 .
 .n q w xSince 1 y z G 1 y nz for n g Z and z g 0, 1 , we have
k q 1 ! f yk . x rx kq1 .  .
y2r3 y1r3 y7r3 1r3 y4r3 1r3G 2 k q 1 2 x 1 y 2 x y 1 q 2 x .  . .i i i
s 2 k q 1 2y2r3 xy1r3 2y7r3 x1r3 s k q 1 r4. 9 .  .  . .  .i i
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w xCase x g x , y .i i
ky1
x x y t .
yk .f x s f t dt .  .H k y 1 ! .0
ky1 ky1
x xx y t x y t .  .i
s f t dt q f t dt .  .H Hk y 1 ! k y 1 ! .  .0 x i
 .ky1  .ky1 w xand since x G x , x y t G x y t for t g 0, x . Hence we havei i i
ky1 ky1
x xx y t x y t .  .i iyk .f x G f t dt q f t dt .  .  .H Hk y 1 ! k y 1 ! .  .0 x i
ky1
x x y t .
yk . 1r2s f x q 2 y dt . Hi i k y 1 ! .xi
kyk . 1r2s f x q 2 y 1rk! x y x . .  .  .i i i
Thus
k q 1 ! f yk . x rx kq1 .  .
1 kyk . kq1 1r2G k q 1 ! f x rx q 2 k q 1 y x y x .  .  .  .i i ikq1 /x
kq1 1r2 kx y xi i iyk . kq1s k q 1 ! f x rx q 2 k q 1 1 y . .  .  .i i  /  / /x x x
 .  .Hence, using 9 with x s x and x F y , we havei i
k q 1 ! f yk . x rx kq1 .  .
kq1 kx xi iy1r2G k q 1 r4 q 2 k q 1 y 1 y .  . i /  /x x
kq1 kq1x xi iy1r2G k q 1 r4 q 2 k q 1 y 1 y 10 .  .  .i /  /x x
 .since 1 y x rx - 1.i
It is not difficult to see that for A, B g Rq,
Akq1kq1min Az q B 1 y z s : . . k1rk0FzF1 1 q ArB . .
w x kq1calculate the value of z g 0, 1 for which the derivative of Az q B
 .kq11 y z is zero.
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 .  . y1r2Thus, if we let z s x rx, A s k q 1 r4, and B s 2 k q 1 y , theni i
 .10 gives
k q 1 ! f yk . x rx kq1 .  .
k q 1 1 k q 1
G ª as i ª ` k fixed . .k1rk4 41r21 q y r8 . /i
 . qThus l G k q 1 r4 for k g Z .k
Verify that u s q` for all k g Zq. This is implied by the mono-k
tonicity property and lim l s q`.k ª`. k
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